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Part I. The KdV equation
Up = Uggy + Ouu,

Motivation: Gurevich—Pitaevskii problems

Stationary solutions for non-autonomous symmetries

Higher symmetry + Galilean symmetry — Suleimanov ODE (4-th order)
Master-symmetry + scaling — some 6-th order ODE
Step-like solutions for very special initial data

Part II. Non-Abelian Volterra lattice equations
VLl Up,z = Up41Up — UpUn—1

2 _ .. T T
VL™ e = Uy 1 Un — Uply, 1

Substitutions VL' « .-+ — VL2

o

e Higher symmetry + scaling — dPt + P}

o Master-symmetry + scaling + D, — dP%, + P} i=1,2
o Master-symmetry + D, — dP%, + P4
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Part 1

KdV equation
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Main result (a conjecture)

The KdV equation u; = gz, + 6uu, admits step-like solutions which satisfy
certain nonautonomous ODE of sixth order (J. Nonl. Math. Phys. 2020).
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Motivation: Gurevich—Pitaevskii problems (1973)

decay of the initial discontinuity breaking of the wave front
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Step-like solutions

We are interested in the first GP problem for the KdV case.
o Notice that left and right steps are related by (z,t) — (—z, —t).

@ A numerical solution can be obtained for rather generic initial data, for
instance by use of the Zabuski—Kruskal scheme. Of course, such a
solution must not satisfy any ODE.

An example for u(x,0) = 3(1 + tanh z) compared with our solution:

| , compression wave
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Some known results

e Hruslov & Kotlyarov (1976, 1994), Venakides (1986): Inverse Scattering
Method, asymptotic expansions

o Cohen (1984), Kappeler (1986) and others: study of correctness of the
Cauchy problems with step-like and even more general initial data

e Bikbaev (1989), Novokshenov (2005), Egorova & Teschl (2013) and
others: generalizations for initial data with finite-gap asymptotic and for
other models

It is well-known that KdV admits a family of Galilean-invariant solutions
described by P; and a family of scaling-invariant solutions described by Ps.

Solutions of both GP problems also exhibit a kind of self-similarity.

Although there are no any explicit Ansatz for these problems, it is natural to
conjecture that some special solutions may be related with higher KdV
symmetries.
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Second GP problem (formation of the oscillating zone in the vicinity of
the breaking point): this idea turned out to be correct and fruitful.

@ Suleimanov & Kudashev (1994, 1996): a solution with required
behaviour can be found among solutions of the stationary equation for
the sum of higher symmetry of 5-th order and the Galilean symmetry

Uy +htr, =0 E Upppe + 10U, + 5u? + 10u® + k(6tu + ) =0

e Dubrovin (2006): the conjecture on the uniqueness of this solution

o Claeys, Vanlessen (2007): the existence proof

First GP problem (evolution of step-like initial data): our goal is to
demonstrate, numerically, that it also admits solutions related with a sum of
master-symmetry and the scaling symmetry.

In contrast to the above example, there is a 2-parametric family of such
solutions.
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Symmetries of the KAV equation

The commutative and non-commutative parts of the KdV hierarchy are
Uty oy = R (ug), gy, = R (6tu, +1), j=0,1,2,...
where R = D2 + 4u + 2u, D! is the recursion operator.

Symmetry algebra (Oy,,,, ~ X, 0 ~ N0Oy):

T2j4+1
[at2j+1 ) at2k+1] =0, [87'2j+1 ) at2k+1] - kat2j+2k—1 )
[6L?j+176L?k+1]:: (k A’j)é%?j+2k71'

Ibragimov & Shabat (1979): 0., flow (master-symmetry)

Fuchssteiner (1983): the general concept of master-symmetry

Orlov & Shulman (1985): additional symmetry algebra for NLS
Burtsev, Zakharov & Mikhailov (1987): zero curvature representations
with variable spectral parameter
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All symmetries of order < 5

This is all we need:

Uty = Uy a-translation)

Upy = (Ugg + 3U%), t-translation)
Uty = (Ugaze + 100U + Bul + 10u°),
Ur, = 6tuy +1

Ury = 3lUg, + Tuz + 2u

Ury = StUp, + TUL, + dUgy + Su? + QUsz_l(u)

higher symmetry)
Galilean transform)

scaling)

o~ o~ o~ o~ o~ —~

master-symmetry)
Here, the nonlocal variable v = D, !(u) satisfies equations

Vy = U and U = Ugg + 3U°.
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Stationary equations

The stationary equation F[u] = 0 for any symmetry satisfies the identity
Dy(E) = (D2 + 6uD, + 6u,)(E) = 0,
that is, it defines a constraint consistent with KdV.

e Novikov, Dubrovin, Matveev (1974, 1976): finite-gap solutions, if we use

only autonomous symmetries
o adding of non-autonomous symmetries leads to the Painlevé equations of

their higher analogues
e Moore (1990) and others: string equations
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The general form of stationary equation of order <5 is

kouTS + kluTS + kg’un + k3ut5 + k4ut3 + k5ut1 =0.

o In fact, there are no essential parameters here, since all constants can be
changed by point transformations. We only should distinguish between
several cases.

o In particular, the case ky = 0 and k3 # 0 leads to u;, + ku,, = 0 where
either kK =1 (the Suleimanov equation) or k = 0 (2-gap solution).

@ We are interested in the case ky = 1. First, we set k3 = ky = ks = 0 by
adding constants to ¢,z and v.

Proposition 1

PDE system

2
Ut = Uggy + OUUL, UV = Ugy + U

is consistent with the ODE system

3t (prae + 10Uy, + 5u926 + 1Ou3)z + 2 (uge + 3u2)z + 4y + 8u? + 2u,wv
+ k1 (3t (U + 3u?) s + Uy + 2u) + ko(6tu, +1) =0, Vg = U.

v
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Notice that all constant solutions u = ¢ of this system are given by equation
8¢® + 2kic+ ko = 0.
Its zeroes can be changed by the scaling and the Galilean transformations.

Two possibilities, which we do not consider:

e ¢ +1 =0 (no real solutions with constant asymptotic at all),

e ¢? =0 (steps are not possible).

Since we wish to obtain solutions with different asymptotics 0 and 1 for
x — Fo00, we should take

e c(c—1) = 0 (this may, potentially, lead to a step).

Or, maybe not, but the only choice which we have to analyze is k1 = —4 and
kg =0:

Ury — 4., = 0.
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[somonodromic Lax pairs and first integrals

We use compatibility conditions for linear equations
U, =07, U, =VI T 4+xNT,=WU,
where k() is a polynomial with constant coefficients. Equation
U=V, +[V,U]

with

_ 0 1 _ —u1 —4\ + 2u
U_<—)\—u 0)’ V_<2()\+u)(2)\—u)—uQ uy )

is equivalent to KdV. Any symmetry corresponds to a matrix W of the form

WlY] = <—2(/\ +_u})%/ - 2;:) ’

in particular, U = W[1/2] and V = W[—2X + u].
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The stationary equation u, = 0 gives a pair of consistent ODE systems with
(isomonodromic) Lax pairs

KU\ =W, + W, U], sV\=W,+[W,V] <
Yowe +4(u+ NY, + 2u1Y = &, Y, = Youe + 6uY, — 3k.

o If () = 0 (autonomous symetries) then the system is Liouville
integrable since there is the first integral polynomial in A:

H(A) =det W = 2Y Y, — Y +4(A + u)Y? = const()).

o If k(\) # 0 then the system is not integrable. There are only deg,  first
integrals corresponding to zeroes of k:

H; =H(\), &(A)=0

(for a multiple zero, if kU (\;) = 0 for j < r; then d H/d)N ()\;) are also
first integrals).
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Our case is ur, — 4ur, = 0. This corresponds to

K=—8\A+1), Y = 24t\* — 2(6tu + = — 12t)\ + ,
y =Y (0) = 3t(ug + 3u?) + zu +u_, — 2(6tu + x).

It is convenient to rewrite equations in terms of u and y.

Proposition 2

KdV equation admits solutions defined by the following pair of consistent
ODE systems of sixth order:

(1)

Ut = Uggy + 6’U,Uw, (2)
Yr = 2Uuyy — 2uyy.

3t (Uggr + 6uty — duy) + Tuy + 2u — Yy, —2 =0,
Yoz + 4ny + Qny = O,

These systems admit two first integrals in common:
Hy = H(0) = 20y — y2 +4uy?, Hy = H(—1) = 22245 — 22 + 4(u — 1)z,

where z =Y (—1) = 12tu + 2z + y.
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Few explicit solutions

i y Hy H,
0 —2x+a —4 —4a?
1 a 4a? —4
2
—— 2(1 —ztanh X)tanh X, X =z +4t+a —4 —16
cosh® X ( )
2 2(6t —x) —sin2X
1——— _ X = 2t —16 —4
0052 X cos? X ’ THta
- 0 0 0
6t
2 2(12t
- 202t+a) 2(z +a) -36 —16a2
(z +a)? (z + agz
1 2 4 +2 1642 36
. e a a _
(z+ 6t +a)? (z+ 6t +a)?

o The first three solutions are regular for all x,¢. It is likely that there are
no other regular solutions in closed form.

@ There are infinitely many rational solutions which can be obtained by
Bécklund transformations.

@ There are also some families of solutions in terms of the Bessel functions.

o Unfortunately, there are no explicit step-like solutions.
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How to solve numerically?

To construct a solution in the half-plane ¢t < 0 (or ¢ > 0):

Start from initial data (ug,u1, uz, yo,y1,v2) € RS at (xq,tg), to < 0

1
Solve (2) with respect to t at & = xo. This gives initial data for (1).

1
Solve (1) with respect to x for all ¢ € (—o0,0).

Vice versa, one can first solve (1) at
t = tg and then use the solution as
initial data for (2) for all . The
results coincide, if we do not meet a |
singularity. Experiments demonstrate

u

that, for some domain in the space of |
initial data, solutions are regular for
x€Rand t € Reg.
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How to solve numerically?

To construct a solution in the half-plane ¢t < 0 (or ¢ > 0):

Start from initial data (ug, w1, u2,Y0,%1,%2) € RS at (zg,t0), to <0

1
Solve (2) with respect to t at & = xo. This gives initial data for (1).

1
Solve (1) with respect to x for all ¢ € (—o0,0).

Vice versa, one can first solve (1) at

t = tg and then use the solution as

initial data for (2) for all . The

results coincide, if we do not meet a '
singularity. Experiments demonstrate
that, for some domain in the space of
initial data, solutions are regular for
r€Rand t € R

u
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Solutions for generic initial data are not very interesting. Such a solution does
not have the desired asymptotics, moreover, it becomes singular along the
line t = 0.

In order to obtain step-like solutions we have to go through a sieve of
subsequent specializations.

generic solutions (6 parameters)

1

regularity condition for t = 0 (4 parameters)
the degenerate Painlevé equation Pj

I

regularity condition for z = 0,¢ = 0 (3 parameters)
explicit initial data

I

separatrix step-like solutions (2 parameters)
implicit special initial data by shooting method

Each stage is not very effective, because these special solutions are not stable
and errors quickly lead to less degenerate ones.
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Generic solutions

Because of the coefficient ¢ at ugy, in (1), the line ¢t = 0 is singular. A generic

solution blows up along this line (a simplest explicit example is u = —&)
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Regularity condition at t = 0

In order to construct solutions which are regular at ¢ = 0, we have to choose
special initial data on this line which are subjected to a fourth order ODE:

{ Q+(MJM"“ e AM‘J + Tue +2u — Yo =2 =0, (3)

The first integrals become

Hoy = 2yys — Y2 + duy?,
Hy =222 4 §)Yae — 2+ y2)® + 4(u — 1)(22 + ).

It is possible to eliminate v and to obtain a second order ODE for y. It is
equivalent to degenerate P5 with the coefficient 6 = 0.
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Proposition 3 (V.A., Shabat, Yamilov 2000)
The system (3) is equivalent to Pg

P’ = (i+#> (p')2_p_’+u (ap+§)+7X+6p(p+l) (Ps)

2p  p-—1 p—1

with parameters

Hy Hy 1
« 327 /B 327 ’y 27
under the change
2z
p(X)=—"-+1, X =22
0 y(x)

In fact, equation P5 with 6 = 0 is also related with a special case of Pg
(Gromak 1975).

This is nice and gives a hope that some advanced methods can be applied.

However, for now we just solve equations numerically in the original form (3).
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Regularity condition at x =0

In turn, (3) has the fixed singular point x = 0:

Py +2u — Yy —2=0, Yzax +4uys + 2uzy = 0.

In order to construct regular solutions we have to impose a constraint on the

initial data at the origin:
2u(0,0) = y.(0,0) + 2.

Effectively, the order of equations becomes equal to 3.
In a neighbourhood of x = 0, a solution is given by power series

y=ao+ax+ax®+..., w=by+bx+bua?+...,

where ag,a; and ay are arbitrary and

1 n
bp=1 - bn— = ny :253a 5
0 +2a1, 1 n+1a n
n—2
— _ —4— j)bjan—o_j, =3,4,....
¢ n(n—l go Dbin-2-5, m

It turns out that the radius of convergence is not zero.
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A typical regular solution (at ¢t = 0)

o We use the series in some interval near the origin, then continue by
Runge-Kutta method.

@ Movable poles for x # 0 are possible, but there exists a domain in the
space of initial data corresponding to regular solutions which are stable
in both directions.

e A typical profile has the form of slowly decaying (like z7!) oscillations
near u = 1, separated by a well near the origin, with different oscillation
amplitudes on the left and right.

. . | . Ly
-100 =50 50 100
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A typical regular solution (for all t)

Now we have to solve the t-part (2) for the obtained initial data. This stage is
most difficult. Theoretically, this can be done in the same fashion, by
constructing series in a neigbourhood of t = 0 and then solving numerically.
It works, but not very well. In practice, the finite difference methods for PDE
turns out to be more efficient. Anyway, here is a regular solution (with initial

data shown on the previous figure):
iy

=20 0 20
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The same solution from above. The half-lines are © = —6¢, t < 0 and

r=—4t, t > 0.

10

r o0

-10

-20
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But where is the step?

Let us vary the initial data for the system (3), very smoothly............

u
2.0t Warning!
This is not the
15 evolution in ¢
0. -
1 n n n 1 n n n 1 n n n n n n 1 n n n 1 n n n 1 x
-60 -40 -20 20 40 60
v(0)=—1.

(=)ee(+)

We fix the first integrals (here Hy = —2 and H; = —6, for instance).

The only free parameter is ag. Roughly speaking, to expand the well by 1, we
need to calculate the next exact decimal digit of ay.
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Shooting method

The goal is to choose ag for fixed first integrals
Hy = 4agas + Qag(al +2)— a%, H, = 4agas + Qagal — (a1 + 2)2
(fixing a; and as is practically the same).
e Start from an interval [ag(1), ap(2)], such that the solution for one
endpoint has a pole and the solution for another endpoint is oscillating.
@ Remove one or another half of the interval, depending on the type of the
solution in the middle.
e This yields a sequence
ap(n) = ag, n=1,2,3,...
for which the well is gradually widening.
Solution remains practically unchanged on one half-line, but changes

drastically on the another one: the oscillating zone in it moves farther and
farther away from the origin.

This is slightly reminiscent of the limiting transition from the cnoidal wave to
a soliton. The difference is that it pushes apart just two peaks, not all.
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An intermediate solution with wide well







Step-like solution. The compression wave

u
2.0_‘
t=0.
1.5(
1.0F
0.5_‘
1 1 J_ N n n 1 I I n 1 J x
—-40 -20 F 20 40

=)+
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The rarefaction wave

u
2.0_‘
t=0.
1.5(
1.0F
0.5_‘
1 1 j_ N n n 1 I I n 1 J x
—-40 -20 F 20 40

=)+
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A conjecture

The steps corresponding to different values of Hy and H; are very similar; the
difference can be seen only in the asymptotic coefficients. For u — 0 we have

u(x) ~ A2x72 + A3x*3 .., y(x) ~ =21 + Bo + BQQ?72 + B3:1773 T
It turns out that
g, Hot+d o H
2= 16 0= 1

and all other coefficients are uniquely defined. So, this asymptotic is defined
by the first integrals.

Step-like solutions of (1), (2) with the asymptotic u — 0, x — —oo exist for
some two values of ag for any Hy > —4 and H; < 0.

This means existence of 2-parametric family of step-like solutions. The
symmetric steps with u(x) — 0, x — +o0o correspond to the values —ayg.
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Part 11

Non-Abelian Volterra lattices
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Results

We study two integrable versions of non-Abelian Volterra lattice:

VL! Up,p = Unt1Un — UpUp_1 (Salle 1982)
(new? arXiv:2010.09021)

2 _ T T
VL Upg = UpqUn — UnlUy_q

One can think of u,, as square matrices of arbitrary size or elements of some
abstract algebra. Sometimes we will need inversion.

e For each of these equations, we derive constraints as stationary equations
for simplest non-autonomous symmetries, including the
master-symmetries.

o The result is some set of non-Abelian analogs of discrete and continuous
Painlevé equations.

In the scalar case, these constraints were studied in (V.A. & Shabat 2019),
where also some numerical results were presented.

In the non-Abelian case, no solutions for now, only equations.
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VL! « mVL! « pot-mVL — mVL? — mVL?

VL! and VL? are related, but not in an obvious way.

VL!: Up,g = Unt+1Un — UpUn—_1
mVL' : v, = vpe1(v2 — a?) — (V2 — a®)v, (a € C)
pot-mVL :  wy, o = (Wnpy1 + 2awn)(w;i1wn + 2a)
mVL?: v, = (v, — Q) vps1(vn + @) — (Vn + @)vp_1 (v, — @)

T

2. — 7
VLt Up e = Uy qUn — Unly, g

Substitutions:
VL' <« mVL': u, = (041 + @) (v, — @) discrete Miura map
mVL! «+ pot-mVL: v, = wn+1w;1 + «
pot-mVL — mVL?: Vp = w;lwnﬂ +a

Up = (p + @)(vp—1 + @) for even n

VL? - VL? .
" {Un = (vp —a)(vy_; —a) forodd n
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Remark: an (incomplete) analogy with KdV

There is a sequence of substitutions

V=W w

—a2 S §
KAV =250t gyt P o mKdY 22 KAV
Miura map

between

KdV : wu; = uger — 3uu, — 3uzu
mKdV!: v = vgpr — 3020, — 30,02 — 6,
pot-mKdV : w; = wyze — 3wmw_1wm — 6wy,
mKdV?: vy = vpap + 3V, Vpr] — 6000 — 6av,

These equations can be obtained from the corresponding lattice equations by
continuous limit, but no continuous analog of VL? is known.
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Symmetries: basic derivations
e 0, = Oy,, the lattice itself

@ O;,, the simplest higher symmetry

1. _ 2
VL™t Uppy = (Ung2Ung1 + Up g + Ungp1Un)Un

2
— Up (UnpUp—1 + Uy + Up—1Up—2)

VL : Un,ty = (U2+1un+2 + (UZH)? + Un“ﬁﬂ)“n

— Up (Upp—y U, + (usz—l)z + Un—2Uy_1)
@ O, the classical scaling symmetry
Un,ry = Un
@ 0,,, the master-symmetry (nonlocal for VL!, local for VL?)

VL' : U,y = (n + %)unﬂun +u? — (n — %)unun,l + [$n, Un],

Sp — Sp—1 = Un

VL up,, = (n+ 2)ur quy +ul — (n—3uul_y
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Remark: associated systems

Due to the lattice, any variable w, 4k is an expression of u,, u, 1 and their
x-derivatives. Thence, any symmetry is equivalent to some coupled PDE
system. It is a non-Abelian generalization of the Levi system (Levi 1981, V.A.
& Sokolov arXiv: 2008.09174). The map n — n + 1 defines a Béacklund
transformation for this system.

For VL!, the pair (p,q) = (un, uny1) satisfies, for any n, the system

Gty = Qoo + 2429 + 2(qp)2 + 2[qp, g,
Pty = —DPaa + 20Dz + 2(qp). + 2[qp, D).

For VL2, the pair (p,q) = (u,, u’, ) satisfies

Gty = Qoo + 2029 + 2(pq)2 + 2[pg, g,
Dty = —DPaa + 202p + 2(qp)= + 2[p, qp).
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Symmetries and constraints

Like for KdV, there exists an infinite hierarchy of flows:

[8tiaatj] = Oa [aTi’atj] = jatj+i—17

Tjti—17

We only use symmetries that contain w,y, with |k < 2.

Any linear combination of derivations
O = p1(x0y, + 0r,) + p12(x0x + 07,) + 1304, + 1140,
commute with d,. Therefore, the stationary equation
Ot(un) =0

is a constraint consistent with the lattice.
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Up to equivalence transformations, there are three different cases which lead
to (non-Abelian) Painlevé equations:

2(x0y + 0r,)  +04, =0 — dP;+Py
x0y, + 0ry,  +p(x0y + 0ry) +v0, =0 — dP34+Ps
x@tz + 3—,—2 +1/8$ =0 — dP34 + P3

o In all cases, we start from some 5-point OAE

fn(un72; Up—1, Un, Un+41, Un42; Ty L, V) =0.

o It admits a reduction of order due to partial first integrals (pfi).

o The final result is a discrete Painlevé equation
gn(“’n—ly Un, Un+15T, W, UV, g, 5) = 0.

o It defines a subclass of special solutions of the original equation.
Additional constants €, € C replace two matrix initial data.

o The z-dynamics is also consistent with pfi. The VL is reduced to an
ODE system for (uy, u,+1) which is equivalent to a continuous Painlevé
equation.
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Scaling reduction: 9, +2(z0, +9,,) =0 — dP;+ Py

1 2 2
VL™ (Ung2Unt1 + Uy 1 + Ungp1Un)Un — Un (UpUp—1 + Uy 1 + Up_1Up—_2)

+ 22 (Up41Un — Unln—1) + 2u, =0,

VL? : (u£+1un+2 + (u7TL+1)2 + unuszJrl)“n — U (U _y U, + (u271)2 + Un—2p_q)

+ 22 (U Up — UnUpy_1) + 2uy, = 0.

This can be represented as Fj,11uy, — unFr—1 = 0.

The equality F,, = 0 is pfi. Its consistency with D, is due to identities:
o F.=(Fu1— Fy)up +uy(F, — F,—q) for VL!
o Frp=(Fry+ Fy)u, —un(F, + Fr_y) for VL2

Two analogs of dP;
Up41Up + ui + uptp—1 + 2zuy + v, =0, dpi
UP Uy + U+ Upty_y + 23Uy, + Y = 0, dp?
Yo i=n—v+(—1)"e.
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Continuous dynamics is as follows.
o VL', (p,y) = (tn—1,un):
Pe =2yp+ > + 22D+ Va1, Yo = —Y° — 2yp — 20y — Y,
o VL?, (p,y) = (uj_1, un):

P =2pY +P° + 22D + Vo1, Yo = —Y> — 2yp — 22y — Y.

Two analogs of P,

1, _ _ 3 - i
y' =o'y sy — Ty S ey 1207 — )y - 207y Py

where o = 7y,,_1 — %/2 +1, v= ’Yn/Qa

3
K1 25 and @:—5.
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o In the scalar case, this reduction was introduced by Its, Kitaev & Fokas
(1990, 1991).

@ Another non-Abelian version of dP; was studied by Cassatella-Contra,
Manas & Tempesta (2012, 2018):

Un41 + Uup +Up—1+ 2x + ’Ynu:Ll =0.
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Master-symmetry reduction:
0y + Ory + (20, + 0r) + 0, =0 — dP3y + P5 or Pj

The first step is easy (like in the previous case). It brings to 4-point equations
VL!: (UptoUnt1 + uiﬂ —u? —upty_1) — 2ux —n+v— %)unﬂ
+ (2ur—n+v+ %)un —p+2(=1)" =0,
VL : x(u£+1un+2 + (UrTL+1)2 —up — unUZ_l) - (2uz —n+v-— %)U;FLH
+ 2uz —n—+v+ Hu, — p+2(-1)" =0,
where € € C is an integration constant. To obtain Painlevé equations, we
need additional pfi.

In the scalar case, the above equation admits the integrating factor
TUpt1 + U, +1 —V + % which brings to dPsy:

_ 495”2’21 +2(—=1)"ez, + 8

. Zp = 2%Up + N — L.
Zn — N+ VvV

(Zn+1 + Zn)(zn + znfl)
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Two analogs of dP3, for p # 0

(zn—l + Zn)(zn + (_1)n‘7 + W)_l(zn + Zn+1)

=dpx(z, —n4+v) e+ (=1)"0 — w), dPi,
(zn—1 + 20) (20 + (=1)"(0 = w)) " (20 + 2711)

= dp(zn —n+v) "z + (-1)"(0 +w)) dP3,

(where ¢ = ¢/, w € C).

Two analogs of dP34 for 1 =10

(Zn41 + 2n)(zn — 0+ V) (2n, + 2n—1) = 42(2e2, +9), n =2k, Bl
(zn + 2n—1)(Znt+1 + 2n) (2n —n +v) = da(—2e2, +9), n=2k+1, 3
(Zpt1 +2n)(2n —n+v)(2n + 2, 1) = 42(2(=1)"cz, +0). df’§4
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Equations dP%, and dPi, are consistent with VL. This gives rize to ODE

systems for the variables (q,p) = (2n, 2n + Zn41) O (2n, 2n + 2 4 1)-

Two analogs of Py
dPl N { QxQx :p(q_n+y)_4MI(Q+a)p71(Q+ﬂ)a Pl
o 2ap, = pg +qp+p —p* + dpz(p — 2¢ — a — B), ¥
dP2 N { 2$Qw :p(qfnJrl/)*4,u1:(q+oz)p71(q+ﬂ), P2
34 2ep, = 2pq + p — p* + 4px(p — 29 — a — ) °
(in the scalar case, Pj is satisfied by y = 1 — 4uxp~1).
Two analogs of P3
~ 22q, = p(q —n +v) —dxp~t(2eq + 9),
1 1
W= { 2wp, = pq+qp+p—p* — 8, (evenn)  Ps
~ 22q, = p(q —n+v) — dep=1(2(=1)"eq + 6),
2 2
Pa = { 2ap, = 2pq +p —p° — 8(—1)"ex ik
(in the scalar case, Pj3 is satisfied by y = p/(2¢), » = £2).
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Zero curvature representations

1
VL : Up,z = Up41Up — UpUn—1 = Ln,z - n+1Ln - LnUn

e (B000) (0

VL wpy =l un —upul_y & Lyg = U1 Ly + LUF
1 =X 1 1
= — 2
Ln (0 /\un> o Un (—)\un_l —%)\ — Up1 + uﬁ)

These are the compatiblity conditions, respectively, for

\Iln+1 - Ln\:[lna \Iln,a: - Un\Ijn

or for
T
Yont1 = L2p¥ap, Von,e = —Us,Van,

= L§n+1 Uonq2, ‘I’2n+1,z = Uzpny1¥on41-
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Any derivation from VL!/VL? hierarchy admits a representation
Ln,t + KQLn,)\ = VnJran - L,V, or Ln,t + K;Ln,)\ = Vn+1Ln + LnV»r;ry

with respective L,, and with certain V,, and k = &(\).

In both cases, we also have
Un,t + HUn,A == Vn,x + [Vna Un]

Therefore, for the stationary equation for d;, we have the isomonodromic Lax
pairs:

HLTL)\ =Vy41L, — LV, or /{Lm,\ =Vot1Ln + Ln‘/;;F
for a discrete Painlevé equation and

K:Un,)\ = Vn,r + [Vna Un]

for a continuous one.
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Explanation of dP%, partial first integral

Lemma. If V,, = (Z Z) satisfies Lax equations

Vn,w = [U’ru Vn]7 Vn+1Ln = LnVn or Vn—i—an = _LnVrr’Lr

then its quasi-determinant A,, = b — ac~'d is pfi.

Proof. It is easy to derive relations of the form

Apz=fA—-Ag, Api1=fAng or App1=fArLg

which imply that the constraint A = 0 is preserved.

The constraint 20y, + 05, + u(xd, + 07, ) + v9, = 0 admits the isomonodromic
Lax pairs with k(\) = A2 — 2u\. For A = 2y, the matrix V,, — o[ satisfies Lax
equations and vanishing of its quasi-determinant gives exactly dP%,.
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